INITTIAL TRANSCRITICAL BEHAVIOR IN A COMPRESSED ROD UNDER CREEP CONDITIONS
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The buckling of a compressed rod in the presence of nonstationary creep is considered.
In certain nominal instability criteria [1], the buckling moment is related to the change in
rod deflection after the perturbation is applied. The [2] criterion defines the perturba-
tion moment for which the deflection rate is zero as a special point on the time scale sepa-
rating the conditionally stable deformation from the unstable region. In accordance with it,
stability means reduction in deflection at the start of perturbation. Similarly, the de-
~flection acceleration as zero [3] defines a further singular point in the deformation. The
distinction of such points has been extended to higher derivatives [4]. The points are called
pseudobifurcation ones. In their determination, one equates to zero the derivatives with re-
spect to time of all orders for the deflection, apart from the one corresponding to the
pseudobifurcation order.

Here is distinguished singular points in the strain on the basis of the initial trans-
critical behavior of the higher derivatives without those constraints on the deflection de-
rivatives.

The creep in a hinge-supported rod with length %, area of cross section F, which is
compressed by a longitudinal force T is considered. The defining formula is specified, whose
general form is derived from the condition for similarity in the creep curves [5]:

ph(p)=f(a) . (1)
(p = € — of/E is the creep strain).

From (1) after linearization we get as follows for small increments in the state of
stress—strain corresponding to small deviations from the rectilinear state:

Aph(p)+ Apph’ (p)={'(0) Ac.
A prime denotes a derivative of a function with respect to its argument. Instead of
time t we introduce p:

d(Ap)
ap

A’ (p) !
+ Ap s = L Ao, (2)

We integrate (2) with the initial conditions Ap = Ap,, p = p, to get

D
__h(py) £ :
Ap =+ ) Apy + "y §AG]L (p)dp | (3)
0

In accordance with the planar-section hypothesis,
Ae = 2(Wsx — Wozs) (4)

in which wyy is the second derivative of the deflection with respect to the longitudinal co-
ordinate x, while w, is the initial deflection derived by perturbation at time p = p,, and z
is the transverse coordinate. We put

Ap = 2Vex (5)
(v is a function of x). We specify the forms of the functions
w=U(p)sinAz, wo=Cosinir, (6)
v=V{(p)siniz, A==x/l
We use (4)-(6) with Ac = E(Ae — Ap) to get the stress increments as
Ac = Ez\2(V(p)+ Co— U(p))sin hz. (7)
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The equilibrium equation is

{ AvzdF — _ 1y, (8)
F
The latter two equations give

(1~ 0)U(p)=V(p)+Co, (9)
in which w = T/T,; T, = EIA? is the critical load for an elastic rod. We rewrite (7)) on
the basis of (9):

Ao =—FEz3*U(p) v sin Lz.
We substitute this into (3) to get

D
k() f’mES (
— @) —(, — M = 10)
Uyt — @) = Co — 57 Vo+fh(p0)p Up)h(p)dp | =0
e
[V, = V(pg)]. The solution to (10) is
»
C h{p k s Y R{(p
U(p) = g {1 exp (i (p — o) + SR [ () exp (— kp) dp) + g o ex (o (p — o)
Po (11)

(k=(f'INEa/(1— o}).

With p = pgy, from (9) or (11) we get
U(po)=(Co+ Vo)/ (1 — a). (12)

We calculate the derivatives of the (11) deflection with respect to time. At the start
(p = py), they are

U(po) = po(Cok + Vo(k —q)) /(1 — o),

. . (13)

U (po) = pa (Cyle (k — 29) 4- Vo (K — 3gk + 2¢° — g,))/(1 — o),
in which q = h'(p,)/h(p,y); qj = djq/dpg; j=1, 2,.... These expressions may be written for
any order N as

U™ (py) = po (CoDw + VoBa(1 — @) (14)

Here the polynomials Dy and By are constructed as follows:

N—1
Di=bk Dy=hDyo— B DCFy—s N=2.3, .., (15)
N~1 Vi
N N A
By=1, By=kBy_i— X BCFro N=1,2 ..., ¥ =pz0n

i==Q

The auxiliary functions Fy(p) fit the rule
Fi=g, Fryoy=Fy—(N—1)FyF, N=12 ..

We can analyze the behavior of the deflection after perturbation from (12)-(15). If the
derivatives of the deflection with respect to time are zero, this corresponds to certain
singular points on the time scale. When there is no creep strain (V, = 0), those points
are the roots of the polynomials Dy (N = 1, 2,...). The common root of the polynomials is
zero: k = 0, We denote the other roots by kpy to get

kpe=2q, kp3={Dg=V12¢q: + ¢%)/2. (16)
The right-hand sides in (16) are dependent on p,, while the left-hand ones are dependent
on the stress. In particular, if h(p) = p%, then q = a/p,, g, = —a/p3, and then for a given

load there is a singular point on the scale or in time.

Similarly, if C, = 0 (rod without initial curvature), one gets singular points that are
roots of the polynomials By:

ko1 =1gq, ks =(39 %= V4q, + ¢*)/2. an

The point kp, = q corresponds to the Rabotnov—Shesterikov criterion [2] and kp, = 2q to
the Kurshin criterion {1].
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Consider another situation. Let the deflection at the start be zero for C, # 0 and
Vo # 0, which is possible if C;, = -V, [1]. Zero deflection derivatives at that instant will
correspond to special points in the strain. For the derivatives of order N, we have

U™ (po) = pColly/ (1 ~ 0),
in which Hy = Dy — By. We write out the first few polynomials Hy:
Hi=gq, Hy=kq+ g —2¢° He=kq+k(q—5¢*)—Tqqi + g2+ 6¢
We represent the roots as
kas =2q— q1/9, kua=(5¢ — q:/a =V (q:/9)* + 18q1 — 4qalq + ¢%) /2. (18)

The singular points generated by the Hy can be derived in a different way by replacing
the initial condition (5). Let internal stresses occur in the form Ac = zSyy (S is a function
of x) as a result of a certain perturbation at p = p,. We take S as S = R(p) sin Ax and use
the equilibrium equation (8) with (6) to get R(p) = EwU(p). On the (4) planar section hypo-
thesis,

Ap=—) 2(U(p) (1 — 0)— Cy)sin Az,

Apo=—4%(Ro(1/0 —1)/E ~ Co)sinhz  (Ro=R(po)). "

We substitute (19) into (3) and isolate the equation for U(p), which is analogous to
(10) but with V, replaced by R,(1/w — 1)/E — C,. Then instead of (12) and (14) we have the
following expressions for the deflection and its derivatives with respect to time of order
N for p = pg:

U” (pg) = pa (Col nf(1 — ©) + RyBr/(Ew)).

We put C, = 0 to find the (17) singular points kgN, and with R, = 0 we find the singular
points kgy. In the latter case, as in the derivation of the kgy points, the initial deflec-
tion U(p,) is zero.

We consider a special case of (1): f = Ac?, h(p) = p%. We introduce the dimensionless
parameter £, which performs the function of time and is monotonically related to it: § =
pnEF/(T, — T). The solutions from (16)-(18) are denoted by the same subscripts as k. We
have

Ea =0, Ee=(3a=Va?—4a)/2, tro =20, Ep3 =(Da® Vol —122)/2,

e =1+ 20, En3 =32 +1x=Va®— 18a — 3)/2.

The values of g for the higher derivatives are derived for o = 1. To facilitate the
calculations, we use the simple recurrence formulas

Bo=1, Bi=Et—1, By =(1—-2N)By_, +E2By_p. D\ =&, Dy = 52— 2,
Dy, =—'(1+21V)DN+§2DN—I—(_1):‘"&:3(2]\[—3)!!! N=2 3, ...

Table 1 gives the minimal positive values of the roots. For odd N, Dy and Hy do not
have roots, and the same applies to By for N even. The sequences are monotonically increas-
ing and do not have upper bounds. When one passes through a root, the value of the poly-
nomial alters from negative to positive, so the signs of the corresponding derivatives alter.
This does not conflict with the behavior of the singular points. The perturbations applied
to the rod before a singular point increase less rapidly than those after it. The &p, repre-
sents the most hazardous point (zero-order pseudobifurcation [4]). Deflection perturbations
defined earlier than E£B, are reduced at the initial instant and are increased if & > &g,

There are thus singular points in the deformation on the time scale that have a real
physical significance. One can identify the detailed relation between these points and the

TABLE 1
N EpN SDN z, N ¢BN EDN t,
1 1,00 — — 5 3,65 — —
2 — 2,00 3.00 6 — 6,00 741
3 2.32 - — 7 4,97 — —
4 — 4,00 5,24 8 — 8,04 9,71
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buckling moment from experiment, as has been done for the pseudobifurcation points [6]. The
singular points for N = 4 may be closest to experiment. If there is no hardening (a = 0),
degeneracy occurs in the gpy, EpN singular points (as occurs with many stability criteria for
creep). This cannot be said about the £EgN points. For a = 0 we have £y, = 1.00, gy, = 1.78,
EHs = 2.54.
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